In this work we investigate gravitational lensing effect in strong field region around a dilaton black holes in an anti de Sitter ( ADS ) space. We also analyse the dependence of the radius of the photon sphere and deflection angle on dilaton coupling and cosmological constant in this black hole space time. Finally the values of minimum impact parameter , the separation between the first and the other images as well as the ratio between the flux of the first image and the flux coming from all the other images are determined to characterize some possible distinct signatures of such black holes.
Introduction :
One of the key signature of astrophysical objects like black holes is the gravitational lensing effect. Gravitational lensing is the deflection of electromagnetic radiation in a gravitational field. Intense research on the phenomena of gravitational lensing is being carried out in recent times. The results of these studies also have their relevance in the detection of extrasolar planets and in compact dark matter to estimate the value of the cosmological constant. When the gravitational field is strong,i.e light rays pass very close to a black hole, observer can detect infinite series of images formed very close to black hole. An incoming photon with an impact parameter, deviates as it approaches a minimum distance towards the black hole. In such a case deflection angle increases with decrease of the impact parameter.The photon will traverse a complete loop across the black hole when the deflection angle exceeds 2π. For further lowering of the value of the impact parameter,it will execute several windings around the black hole. It is shown [1] that the deflection angle diverges as light rays approach towards the photon sphere. This phenomena is known as gravitational lensing in strong deflection region. Very long baseline interferometry may be able to detect relativistic images and the effects of strong fields within these objects [2] . Recently various works have been done on gravitational lensing in both strong and weak field region [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Strong gravitational lensing can provide informations about the nature of spacetime around various kinds of black holes. Our aim in this work is to study the strong field gravitational lensing phenomena near a dilaton coupled black hole in presence of cosmological constant [22] . Here we have explored the role of cosmological constant on deflection angle in the limit of small dilaton coupling and have obtained the values of minimum impact parameter ,radius of the photon sphere , the separation between the first and the other images as well as the ratio between the flux of the first image and the flux coming from all the other images. One of the key motivation of the present study is that in presence of dilaton field, black holes have distinct features which are different from other black holes. Moreover such black holes are interesting to study because the fate of dark energy dominated universe may be influenced when dynamical modulus or dilaton fields coupled to string curvature are taken into account [23] and it is suggested that our accelerating universe may be dominated by the energy density of dilaton field [24] . The gravitational action for dilaton black holes in anti-de Sitter spacetime can be described as, [22] :
where R is the Ricci scalar, V (ϕ) = −2a
] is the potential term in presence of cosmological constant λ for dilaton anti de Sitter black hole (λ < 0), ϕ is the dilaton field and 'a' represents coupling parameter of the dilaton with Maxwell field F µν .
2.Strong Field Lensing By Dilaton Anti-de Sitter Black hole :
Considering dilaton scalar filed ϕ coupled to electromagnetic field of charge Q with arbitrary coupling parameter 'a' in presence of a Liouville type potential containing the cosmological constant λ, Gao and Zhang obtained the dilaton anti-de Sitter black hole solutions. To study strong field lensing occurring around such dilaton anti-de Sitter black holes, we consider the following spacetime [22] 
where In order to explain strong field lensing effect around black holes,we need to obtain the expressions of radius of the photon sphere and also the deflection angle. Using these two variables one can then determine other observables such as separation between the first and other images, the ratio between the flux of the first image and the flux coming from all the other images.
Radius of the photon sphere:
Two different methods has been used [1, 25] and obtained the following condition to determine the radius of the photon sphere as,
After some algebraic calculation and taking leading order terms in 1 r ,one can obtain the radius of the photon sphere in the strong field region as,
where
. Equation (4) exhibits the dependence of r ps on cosmological constant λ as well as dilaton coupling 'a'.Variation of r ps with dilaton coupling 'a' is shown in the following figure. It is evident that the radius of the photon sphere at first increases with increase in the dilaton coupling parameter 'a', becomes maximum and then decreases with coupling parameter 'a'. It has also been found that r ps becomes imaginary for coupling 'a ∼ 0.8'. Similar situation arises in lensing effect near a Reissner-Nordstrom ( RN ) black hole when the charge Q > 1 2 [25] . From equation (4),one can find that the dependence of r ps on λ is nearly flat. Setting r − = 0,'a' = 0 and λ = 0, in the above expression, we can retrieve the Schwarzschild value of r ps . We consider the strong field expansion in presence of a photon sphere. A photon, coming from infinity has an impact parameter u and when it approaches towards the black hole and reaches the distance of closest approach r 0 , it deviates away from the black hole . Utilising the principle of conservation of angular momentum, the impact parameter u can be expressed in terms of the distance of closest approach r 0 [26] as
Deflection Angle:
Let us now calculate the deflection angle for the above dilaton-anti de Sitter black hole. We have seen from [1] that the deflection angle can be increased by decreasing the impact parameter where the authors have shown the variation of deflection angle w.r.t impact parameter for various values of ν of JNW black holes [27] .The deflection angle becomes enourmously large when the impact parameter approaches towards the value of the impact parameter of the corresponding photon spehere. However at some point it exceeds 2π. At this point it will make a complete loop enclosing the black hole. Finally for r 0 = r ps , deflection angle will diverge and the circulating photon can be captured. To find out analytical behaviour of deflection angle in strong field region [28] in terms of black hole parameters as well as cosmological constant,let us at first introduce a regularised integral I R (r 0 ) for this dilaton-anti de Sitter black hole spacetime as,
Integrating equation (7) we get (17) where p =
The deflection angle α(θ) in the strong field region in terms of impact parameter u ps ,the angular separation of the image from the lens θ and the distance between the lens and the observer D 0L , can be written as [26] :
Using the expression of I R (r 0 ), at r 0 = r ps , one can easily find
where b R can be expressed through the regularised integral as
Substitutingā,b,u ps ,one arrives at the general expression for deflection angle for any value of 'a' in the strong field region. Considering dilaton coupling parameter 'a'<< 1, we have already found the radius of the photon sphere where in the leading order the contribution due to λ turned out to be negligible. We then apply it in determining the deflection angle as a function of cosmological constant λ in strong field region. The expression of deflection angle in this approximation can be written as,
ps n ] − 3.14 − 1
where n and β in this approximation reduce to
and 
Observables in strong field region:
We now estimate the values of minimum impact parameter u ps , the radius of the photon sphere r ps , separation between the first and the other images s, the ratio between the flux of the first image and the flux coming from all the other images r and the coefficientsā andb. In our case we have considered the coupling parameter 'a'<< 1. Using appropriate formula for r and s,
r m = 2.5logr (26) and
we have obtained the values of observables seting the asymptotic position of a set of images Θ ∞ = 16.87 (Schwarzschild value), Q=0.3 and λ = 0.2 as follows. From this Table it is observed that for the charged dilaton black hole in presence of cosmological constant the values of impact parameter u ps as well as the radius of the photon sphere r ps are larger than the corresponding Schwarzschild values. Values ofā,b, s, r and deflection angle α(θ) are also different. We observe that as we decrease the dilaton coupling parameter 'a' with electromagnetic field ,u ps , r ps ,as well as r will increase while the separation between the images s, deflection angle α(θ),ā andb will decrease. Dependence of n-th image position Θ n and their n-th magnification µ n on angular source position β is given qualitatively by the following equations,
and
where Θ 
Θ ss = 3.30973
Above equations reveal the fact that the dependence of angular image positions and their magnifications with respect to angular source positions are respectively linear and hyperbolic in nature as was also shown in [29, 30] . From equations (30) and (31) we notice that the angular position on the same side of the source of primary (ps) and secondary(ss) relativistic images increase and decrease respectively with the increment of angular source position β whereas equations(32) and (33) mention the case of decrease of both primary and secondary angular image positions on the opposite side of the source as β increases. Equations (34) and (35) imply the decrease of magnifications of the corresponding images as β increases. As we decrease the dilaton coupling 'a', Θ p will increase with β,where as µ p will decrease for decrease of 'a' for a fixed value of β. Substituting β = 0 in equation (28),i.e,the source,the observer and the lens are in a line ,Einstein's ring [1, 26, 29, 30] for dilaton coupling a = 0.2 may be produced as follows,
Einstein's ring decreases slowly with a decrease in the value of a. The above qualitative studies of Θ n , µ n and Θ E agree with [29, 30] .
Finally the features of strong gravitational lensing by naked singulaities may be observed from r ps vs dilaton coupling curve. For the black holes considered in this work, SNS(strongly naked singularity) is generated approximately above 'a'=0.15 and below 'a'=0.2 where as WNS(weakly naked singularity )region lies approxmately within the region 'a'=0.15 to 0.18. Such classifications of weakly and strongly naked singularities was done by Virbhadra and Ellis [1] . According to them the qualitative features of geodesics are similar for Schwarzschild black hole as well as for WNS. These result into one Einstein ring and no radial critical curve whereas SNS generates two or nil Einstein ring(s)and also one radial critical curve.The authors also mentioned about infinite number of relativistic images for WNS but no relativistic images for SNS. Moreover Virbhadra and Keeton [30] classify WNS and SNS by considering the nature of time delays of relativistic images. The images for Schwarzschild black hole and WNS have positive time delays but SNS generates positive, zero as well as negative time delays. SNS always gives rise to negative time delay of the direct image when the angular source position is large.
3.Conclusion :
In this work we have extensively studied gravitational lensing effect around dilaton anti de Sitter black hole. Such kind of Ads black holes are interesting to study because recently quantum effects on black hole geometries have been incorporated in the context of ADS/CFT correspondence. Moreover five dimensional brane model proposed by Randall and Sundrum with infinite warped extra dimension in a Ads bulk has been considered to be equivalent to four dimensional Einstein gravity [31] [32] [33] [34] . In our present work in the context of strong field lensing around dilaton black holes in presence of cosmological constant, the method of gravitational lensing effect has been utilised in determining r ps ,α(θ),ā,b,r and s for some selected values of cosmological constant. From Fig (1) we find that the radius of the photon sphere r ps at first increases with the dilaton coupling 'a', becomes maximum and then again decreases. We have also explored the variation of deflection angle with cosmological constant λ for dilaton coupling parameter 'a'<< 1. Different plots in Figs (2) and (3) also reveal that the deflection angle α θ increases with the dilaton coupling parameter 'a' when λ is kept fixed. We have also explored the variation of the deflection angle with the black hole charge Q. Taking 'a'=0.02, it is shown that α θ decreases as Q increases. We have calculated several strong field lensing parameters such as separation between the first and other images,the ratio between the flux of the first and other images, minimum impact parameter and constant parametresā andb taking Θ ∞ = 16.87. The values of u ps ,ā,b,r and s for such kind of anti-de Sitter black holes are found to be distinct from those obtaned for Schwarzschild and dilaton black holes [15] and therefore can be useful signature to detect such dilaton coupled anti-de Sitter black hole.
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